We are interested in studying the isolated singular solutions to Lane-Emden equation
Introduction
Our concern in this paper is to study fast decaying solutions of Lane-Emden equation Here a solution is called k-fast decaying if lim |x|→+∞ w k (x)|x| N −2 = k;
(ii)a slow decaying solution w p (x) = c p |x|
p−1 and w p = lim k→+∞ w k . Furthermore, the fast decaying solution w k could be written by w k (x) = |x| N −2 ) w p is oscillating as t → +∞, more information could be seen in Section 2.
In the supercritical case that p ≥ N +2
N −2 , problem (1.2) has been studied [13, 15, 24] . In particular, the authors in [15] obtain a sequence of fast decay solutions of (1.1) with p > N +2 N −2 in an exterior domain.
During the last years there has been a renewed and increasing interest in the study of the semilinear elliptic equations with potentials, motivated by great applications in mathematical fields and physical fields, e.g. the well known scalar curvature equation in the study of Riemannian geometry, the scalar field equation for standing wave of nonlinear Schrödinger and Klein-Görden equations, the Matukuma equation, see a survey [26] and the references therein. Taking
the authors in [4, 5] showed the nonexistence provided β > −2 and p ≤ N +β N −2 (also see [3, Theorem 3.1] and [12] for general potential V ). In [11] , the infinitely many positive solutions of (1.1) are constructed for p ∈ (
N −2 ) ∩ (0, +∞) with α 0 ∈ (−N, +∞) and β ∈ (−∞, α 0 ), by dealing with the distributional solutions of
where k > 0 and δ 0 is a Dirac mass at the origin. Note that
N −2 is a Serrin critical value problem (1.7) with the Dirac mass, problem (1.1) would have totally different isolated singular solution structure for the super critical case i.e p ≥ N +α 0 N −2 . our interest of this paper is to clarify the fast decaying and slow decaying solutions of (1.1) for the super critical case involving general potential V . Here, we recall that u ∈ C 2 (R N \ {0}) is said to be a ν-fast decaying solution if u pointwisely verifies (1.1) in R N \ {0} and verifies
Assume that the potential function V (x) is a Hölder continuous and satisfies the following conditions:
for some c 0 > 0 and τ 0 > 0;
where c ∞ > 0 and β ≥ 0.
Our main result is the following which is the existence of fast decaying solutions of (1.1).
Theorem 1.1 Assume that N ≥ 3, p c is given by (1.5) and p ∈ N N −2 , p c , the potential function V verifies (V 0 ) with τ 0 > 0 and β verifying that
(1.10)
Then there exist {ν i } i∈N > 0 such that lim i→+∞ ν i = 0 and problem (1.1) admits a sequence of fast decaying solutions {u ν i } i∈N , which have asymptotic behaviors as following
Furthermore, there exists i 0 ≥ 1 such that the mapping i ∈ N ∩ [i 0 , +∞) → u ν i is decreasing and
Note that we can not show a parameterized fast decaying solutions u ν of (1.1) with ν ∈ I being a interval, but a sequence of ν i -fast decaying solutions in our main theorem. The main difficulty is that the potential V breaks the scaling invariance of the equation. Moreover, due to the potential V , we can not restrict us to search the symmetric solutions by ODE's tools, such as the phrase analysis and thanks to the isolated singularity at the origin, the variational method fails to apply. Our method is to use the Schauder fixed point theorem to construct solution 13) for k > 0 sufficiently small, where w k is the k-fast decaying solution of (1.2) .
The rest of this paper is organized as follows. In section 2, we show qualitative properties of the solutions to elliptic problem with homogeneous potential and basic estimates. Section 3 is devoted to build a sequence of fast decaying solutions of (1.1).
Preliminary

ODE analysis of Lane-Emden equation
We first recall some known results of Lane-Emden equation by ODE analysis. Note that define a new independent variable t = − ln |x| and set u(x) = |x|
where a = 4 p−1 − N + 2. Let X(t) =w(t) and Y (t) =w ′ (t), (2.1) can be rewritten as dynamic system
We see that system (2.2) has two equilibrium points (0, 0) and (c p , 0). Our aim is to find a trajectory (X, Y ) that starts from point (0, 0) as t → −∞ and ends at point (c p , 0) as t → +∞. In fact, the trajectory (X, Y ) is contained within the homocyclic orbit of the Hamiltonian system
then we conclude that supw p ≤ sup v. The conservation of Hamiltonian energy could be given as following
So v attains its supremum when v ′ = 0, we get the upper bound
p . On the other hand, the eigenvalues at (0, 0) to (2.2) are
so for t → −∞, we have that curve (X, Y ) goes out from point (0, 0) along the direction Y = λ 1 X and thenw
Therefore, we have that
The eigenvalues at (c p , 0) are given by roots of
where p c is given by (1.5), (2.4) has two negative roots of H:
Note that for p ∈ ( N N −2 , p c ],w p is increasing and
, H has two complex roots
where i is the unit imaginary number. Thenw oscillates around c p and converges to c p with the rate lim sup
A crucial tool for our analysis is
7)
where ′ = ′ holds only for p = p c .
(
N −2 ), we have that
On the other hand for p ∈ (p c ,
By (2.6) and above analysis, the assertion holds and the proof is complete.
Furthermore, we have that for any p ∈ ( N N −2 , p c ),
then for any r ∈ (0, 1] there exists k r such that for 0 < k ≤ k r ,
Basic estimate
In our construction of fast-decaying solutions of (1.1), the following estimates play an important role.
Lemma 2.1 Let
where r ∈ (0, 1/2), τ > N and N > 2 + θ. Then there is r * > 0 small such that for r ∈ (0, r * ],
and there exists c > 0 such that
Proof. Note that
Furthermore, for x ∈ R N \ B 1 (0),
Thus, (2.10) holds thanks to c
is bounded locally in R N and so we only need show the case |x| → +∞.
In fact, for |x| > 4 large enough, there holds
where the last inequality holds thanks to the facts that τ > N ,
|z| −τ |ex−z| N−2 dz < +∞. As a consequence, (2.11) holds true. Note that
then (2.12) follows by (2.10) and (2.11) directly. 
Proof. The same as the proof of Lemma 2.1, we can obtain (2.13).
for |x| > r for τ > N and some r > 0, c > 0. Then
Proof. By the decay condition of f , we have that for any ǫ > 0, there exists R > r 0 such that for R large,
For |x| ≫ R, there holds (1 − ǫ)|x| 2−N ≤ |x − y| 2−N ≤ (1 + ǫ)|x| 2−N for y ∈ B R (0) and
This yields for |x| large,
Passing to the limit as ǫ → 0 and letting R → +∞, we see that |x| → +∞ and then we obtain (2.14).
Corollary 2.2 Let w k be k-fast decaying solution of (1.2), then
We complete the proof.
This is a basic inequality, here we omit the proof.
Finally, we introduce a comparison principle for general Hardy operator.
Lemma 2.4
Let Ω be a bounded C 2 domain containing the origin, W be Hölder continuous locally inΩ \ {0} such that lim |x|→0 W (x)|x| 2 = µ with µ ∈ (0,
) and
verifies the following comparison principle in Ω: Assume that f 1 , f 2 are two functions in C γ (Ω \ {0}) with γ ∈ (0, 1), g 1 , g 2 are two continuous functions on ∂Ω, and
Let u i , i = 1, 2 be the classical solutions of
then for any ǫ > 0, there exists r ǫ > 0 converging to zero as ǫ → 0 such that
We see that w ≤ 0 < ǫΦ W on ∂Ω, then by [10, Lemma 2.1], we have that
By the arbitrary of ǫ > 0, we have that w ≤ 0 in Ω \ {0}.
Fast decaying solutions
Assume that u is a k fast decaying solution of (1.1), then we divide u as following
where w k is the k fast decaying solution of (1.2) and v verifies that
We will employ the Schauder fixed point theorem to obtain a solution of (3.1).
where θ 0 is defined by (3.3).
Proof.
Step 1. Basic setting for applying the Schauder fixed point theorem. Introduce an important quantity
and for p ∈ (
and define
where Γ is the fundamental solution of −∆ in R N .
Step 2. We show that T D ǫ ⊂ D ǫ for ǫ, k > 0 small suitably. +∞) . In this case, (3.6) should be replaced by
Thus, we only have to do the estimate for Γ * (V w
the last inequality holds thanks to choosing
Re-choose ǫ, r and k, we have that
Step 3: Applying Schauder fixed point theorem. Note that for x ∈ R N \ {0},
and then by the fact that θ 0 < N −2 2 and Corollary 2.1, we have that
For σ ≥ 1, denote W 1,σ (R N ) the Sobolev space with the norm
Therefore, we see that
We show that T is a compact. For this, we only have to prove that
is locally compact in R N , letting {ζ j } j be a bounded functions in W 1,q 0 (R N ) ∩ D ǫ and ε > 0 and ζ ∈ L p (R N ) ∪ D ǫ , then there exist R > 0, j η ∈ N and a subsequence, still denote {ζ j } j , such that for j ≥ j η ,
By the arbitrarily of η,
is compact and we derive that T is a compact operator.
Observing that D k is a closed and convex set in L q 0 (R N ), we may apply Schauder fixed point theorem to derive that there exists v k ∈ D ǫ such that
by standard interior regularity results and v k is a classical solution of (3.1). Now we are in the position to prove Theorem 1.1.
Proof of Theorem 1.1.
Let k 1 , ǫ 1 > 0 be small enough, then Proposition 3.1 implies that problem 3.1 has a solution v k 1 verifying (3.2). Let 13) where the second estimate is obtain by Lemma 2.2. In fact, by our derivation of v ǫ ∈ D ǫ , we have that
To show that Finally, we show that there exists i 0 ≥ 1 such that the mapping i ∈ N ∩ [i 0 , +∞) → u ν k i is decreasing.
Since lim |x|→+∞ u ν k i (x)|x| N −2 = ν k i < ν k i−1 = lim |x|→+∞ u ν k i−1 (x)|x| N −2 , then for some R ≥ 1 such that u ν k i (x) < u ν k i−1 (x) for |x| = R.
Let w = u ν k i−1 − u ν k i , then w verifies the equation 
).
Moreover, we know that Therefore, w is nonnegative and then a strong maximum principle implies that w is positive. The proof is complete.
